Numerical methods



Review: models

Classifications

* Mechanistic / Statistical

» Deterministic / Stochastic
 Analytical / Computational

Reasons for computer methods
(iterative calculations)

* Numerical integration
« Parameter estimation
« Data analysis

Reasons for modeling
 Prediction / Forecasting
» Understanding

Simulation = generate data

Data analysis - reduce amount of
data



Some common problems that require
numerical solutions (not exclusive list)

« Constraint satisfaction (solving system of equations)
« Parameter estimation (“best fit” to data)

* Numerical integration (prediction / forecasting)



Constraint satisfaction



Constraint satisfaction

* Find set of values that satisfies a system of linear or nonlinear equations
(i.e., “solve” the system of equations)

 Also falls under the umbrella of Al, operations research

» The system of equations can also be a set of logical statements (“logic
programming”) but this is a separate domain

« Example: phase equilibria problem



Constraint satisfaction

example

Carbon dioxide-water equilibrium

Stoichiometric balance:
COy(q + H,0 = CO,H,0
CO,-H,0 = H" + HCO,3~
HCO,™ = H' +CO,*~

Total concentration:
[CO,'] = [CO,H,0] + [HCO; | + [CO,* ]

Kc1 _|_ Kc1 Kc2
H]  [HT]

= Hco, Pco, (1

Mass law expressions:
[CO, - Hy O]
Pco,

Kne = Hco, =

_ [H'][HCO; ]
' 7 [CO,-H,O]

_ [H'][COs™ ]
7 [HCO;7]

Concentrations:
[CO, - H,0] = Heo, Pco,

HCO, ] — Ket[COp -H0] _ Hoo, Ke1Pco,
i [H] [H']

COZ ] K[HCO;™]  Hco, KetKeaPeo,
3 - [H+] - [H+]2

Effective Henry’s law constant:

H(#:L;o2 = H002 ([H+] [H+]2

Note that
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FIGURE 74 Effective Henry's law constant for CO, as a function of the solution pH. Also shown
is the corresponding equilibrium total dissolved CO, concentration [COJ] for a CO, mixing ratio of
330 ppm.



Example: pH of “pure” rainwater

For a system containing only CO, with mixing
ratio of {co, = 350 ppm and water at 298K,

what is the pH of cloudwater and rain droplets
in this system (assume equilibrium between
gas and condensed phase)?

Charge balance
[HT] = [OH7] + [HCO3 | + 2[CO5° ]

Replace concentrations with mass law
relations:

TABLE 7.4 Thermodynamic Data for Aqueous Equilibrium Constants

Equilibrium Kat 298K (M) AH, at 298 K, keal mol '
H,0 = H' + OH 1L.Ox 1071 13.35
CO; - H;0 = H' + HCO; 43 x 1077 1.83
HCO; = H* + CO? 4.7x 10" 3.55
SO, - HO = H' + HSO; 1.3 x 1072 4.16
HSO; = H" + SO] 6.6 x 10°* 2.23
NH; - H;0 = NH] + OH 1.7 % 1073 8.65

Pco, = 350x 107" atm

K,

. Hco,Ke1Pco, Hco, Ke1Ke2Pco,

1
L T A i ETE

Rearrange as a cubic equation,

Heo, = 3.4x107°Matm™"
Ky =4.3x107"M
Ko =47x10"""M

3 _ —-14
[H'] _(Kw + Heo, Ke Pcoz) [H]1—2Hco, Kot KooPco, = O Ky =10 °M

= The solution pH is 5.6.



Simple solution methods

Bisection method

Fix)

https://en.wikipedia.org/wiki/Bisection method

https://www.geeksforgeeks.org/program-for-newton-raphson-method/

Newton-Raphson method

fix)

r
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Fixy)

fixz)
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https://en.wikipedia.org/wiki/Bisection_method
https://www.geeksforgeeks.org/program-for-newton-raphson-method/

Parameter estimation



Parameter estimation

* Also falls under the umbrella of optimization, operations research, data
fitting, inverse modeling, etc.

* Purposes
» model understanding (extract physical meaning from parameter values)
* prediction / forecasting

« Estimate parameters for empirical, semi-empirical, and mechanistic
models

- Example: chemical kinetic modeling [mechanistic, nonlinear], epidemiology
[semi-empirical, linear], weather prediction [empirical, nonlinear]



Example — reaction

First order reaction

A—B
, - dlB]__dlA)
dt dt

Solution to diff. eq. (estimate k to data)

Objective / cost / loss function

J(k) = arg min > {llog([Alo) — kt:

Perrin, J. Chem. Ed., 2017

rate constants
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Some solution methods

Gradient Step (||g||=1.281474e+01)

Newton Step (||g||=1.232242e+01)
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https://www.cs.cornell.edu/courses/cs4780/2018fa/lectures/lecturenote07.html



https://www.cs.cornell.edu/courses/cs4780/2018fa/lectures/lecturenote07.html
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Figure 1. Data for the reaction OH + NOs — products as a function of pressure and temperature. Our data are
plotted as solid black dots, Literature data are also shown, with different carrier gases represented by differing symbol
colors. Symbol shapes identify the study responsible for each datum, ss show in the legend; the red symbol color indicates
nitrogen carrier gas (with the exception of our dats, which are shown as solid black for emphasis). Pressures for bath gases
other than Mz are acaled by the collisional efficiency indicated in the legend. The latest [UPAC and JPL recommendations
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game color, Our recommendation is shown as a bladk curve. The lower panel of each graph shows the ratio of each value
o pur recommendation.

Dransfield et al., J. Geophys. Res.-Atmos., 1999



JPL Publication 10-6

Parameters from
various reactions are
tabulated in a

http://jpldataeval.jpl.nasa.gov/
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Chemical kinetic models are then integrated into chemical transport models which combine them with
emissions, meteorology, and transport

The concentration of species i is a function ][] [ 21 scovengoe
of space and time: ¢; = ¢(r, {). I L
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» mass is important for PM, ¢ and PM,,
regulation, light scattering, and mass
budget considerations.

» number is important for simulating
new particle formation and
aerosol-cloud interactions.




Example: parameter estimation for epidemiology

(a) Cardiovascular and Respiratory Disease 800
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Data preparation:

Example: empirical models . cleaning

« curation
I identifying feature importance e permutation
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Zhong et al., ES&T, 2021
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https://www.ibm.com/cloud/learn/neural-networks
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Machine learning algorithms that digested decades of weather data were able to forecast 90 percent of atmospheric measures
more accurately than Europe’s top weather center.

https://cloud.google.com/blog/topics/sustainability/weather-prediction-with-ai
https://www.wired.com/story/google-deepmind-ai-weather-forecast/



https://cloud.google.com/blog/topics/sustainability/weather-prediction-with-ai
https://www.wired.com/story/google-deepmind-ai-weather-forecast/

“Gotchas”

 Your estimated parameters may not be meaningful if your model
(relationship among variables) is misspecified.

« Even if your model is “correct”, you may find solutions that represent local
minima.

 Your predictions may not be meaningful if you are extrapolating outside of
the domain of fitted data with an empirical function.



Numerical integration



Numerical integration

* Differential equation(s)
« ODE: ordinary differential equation
« PDE: partial differential equation

 Single, coupled, uncoupled
* Provide initial values / boundary values

« Examples: simulation of CFC-12 [single ODE], VOC-NO,-O, system
(urban smogq) [coupled ODEs], 3D advection equation [PDE decoupled to

iIndependent ODES]



Example (ODE):
simulation of
dichlorofluoromethane
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The mass balance for the photolysis of CFC-12 is given by:

dm
I _ Bk
dt m

m is the atmospheric mass of CFC-12, E is the rate of
emission, and k is the rate of photolysis.

The atmospheric lifetime of CFC-12 is 100 years. Starting
from an initial concentration of my = 400 pptv in 1989,
assume two scenarios:

"business as usual": E = 4.2 x 10° kg/yr

Scenario 1: base case (no change)

Scenario 2: 50% reduction in emissions

Jacob, Introduction to Atmospheric Chemistry, 1999



Numerical integration

step size A A
As 3 Aa
Euler’s method A; numerical approximation
Yn+1 — Yn + hf(tn, yn) A analytical solution
/ o
derivative »

https://en.wikipedia.org/wiki/Euler_method

https://tutorial.math.lamar.edu/classes/de/eulersmethod.aspx



https://tutorial.math.lamar.edu/classes/de/eulersmethod.aspx

Example (coupled ODES): VOC-NO,-O, system

0,
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lNO2 NO lHO,
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Rate constant (298 K)
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k = reaction rate constant
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Numerical integration of PDES

* Representation by operator splitting (requires small time steps)

Discretization

Finite difference

Integration



Example: integrated modeling of
multiple processes

Processes

The concentration of species i is a function | [Feem] [ —
of space and time: ¢; = ¢(r, t). I L
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Mass vs. number conservation for —
aerosols: T (v}
> mass is important for PM, s and PM, 0 | poe =

regulation, light scattering, and mass
budget considerations.

» number is important for simulating
new particle formation and
aerosol-cloud interactions.
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Operator splitting

Let e(t) = c(r, t). We can define an operator X = X(At) and its corresponding
incremental operator AX:

t+At
Xe(t) = [e(t+ Aty =c(t) +/t [g} dT

f+At
AXe(t) = [e(t + At) —c(t)]x :/f [E} dr

Let X represent various Operators can be applied in sequence or in parallel.

processes:
Sequential operation:
A Advection
D DiﬁUEiﬂn E[f+ﬂf}=[5ﬂ P'D GE\ GDDGA]E[I}
C Cloud where o denotes operator composition: f(g(x)) = (f ¢ g)(x).
G Gas-phase chemistry Parallel operation:
P Aerosol
S Sourcelsink c(t + Af) =c(t) + (AS + AP + AG + AC + AD + AA) c(t)



Example: advection equation

Operator splitting is also used to decouple the processes in space. Reverting back to
representation of concentration as ¢ = ¢(r, t), consider the advection equation:

oc
— 4+ u-Vec=0
ot +
In Cartesion coordinates,
oc _ _,0c _ dc  dc
at " ax oy ax

Applying the operators in parallel,
ot + At = o(t) + (Mx + DA, + Mz) c(t)

we can solve three one-dimensional equations instead of one three-dimensional
equation:

[ ac] ac [ac} dc lac] ac
| =-Uu—, —| =-—-v—, and —| =—-W—
at |, ax at], ay at |, Bz



Discretization. Discretizing the domain
and defining the concentrations over this
new domain,

Cijk = (X, Yj: Zk. tn)

Cijk = c(x. ¥ Z. b,
Representation by finite difference. We
can approximate with the simplest of

(backward) finite difference approximations
as

1 n n n
Cijk — Cijk i;kcjk Ui jkCi=1 ).k
At Ax
n41 n n n n
Cijk — Cf;‘.k _ VijkGijk — Vij-1kGij—1k
At Ay
n+1
c:'._f.ﬁ -ij,k . Wﬂﬁf_',‘n Ijk 'ch'jk-
At Az

Integration (by Euler's method). We get
the solution with respect to advection as

n

n
n+l 0 Ui-1.j.kci'-1.j.k rjkc;_:ﬁﬂt
Cijk =Cijk+ Ax
n n
N Vij=1.kCij=1k — a;kf-' K A
Ay
n
N Wi j k=1 Cﬂ'.kq = ijkﬂ K A
Az
i-1 i i+l
j+1 * .| °
T 1]
i ilrl——t . ——J:L'ii ay
T'E‘llr]
j=1 & . .
' Ax

Figune -2 Spatial discretization of the continuity eguation (only two dimensions
are shown), Dols indicate gridpoints at which tha concentrations are cabculabed,
and lines indicate gridbox boundaries at which the transport fluxes sne caloulated.

Jacob, 1989



“Gotchas”

 Your numerical approximation may not be meaningful if you pick the wrong
(.e., too large) step size (see stiff equations)

 Step size should be smaller than the timescale / spatial scale of
phenomena your model describes

A A
Aj numerical approximation

analytical solution
Ag



https://ch.mathworks.com/company/newsletters/articles/stiff-differential-equations.html

For your project

« Many of these solvers, optimization algorithms, and numerical integration
schemes are available in libraries.

« |f other computational aspects of your project is high, then you can use
these libraries.

* |If other computation aspects of your project is low, then you can implement
(l.e., code) your own version of these algorithms.



Resources for further reading

« Chapra, Steven C. and Canale, Raymond P. Numerical Methods for Engineers,
8th ed. McGrall-Hill Education, 2021.

« Beer, Kenneth J. Numerical Methods for Chemical Engineering: Applications in
MATLAB, Cambridge University Press, 2007.

« Ramaswami, Anu, Milford, Jana B., Small, Mitchell J. Integrated Environmental
Modeling: Pollutant Transport, Fate, and Risk in the Environment. John Wiley &
Sons, 2005.

 Jacob, Daniel. Introduction to Atmospheric Chemistry. Princeton University Press,
1999. Available online: http://acmg.seas.harvard.edu/people/faculty/djj/book/.



Practical references for implementation

» https://ch.mathworks.com/help/symbolic/solve-equations-numerically.html

o https://ch.mathworks.com/discovery/data-fitting.html

» https://ch.mathworks.com/help/matlab/numerical-integration-and-
differentiation.html



https://ch.mathworks.com/help/symbolic/solve-equations-numerically.html
https://ch.mathworks.com/discovery/data-fitting.html
https://ch.mathworks.com/help/matlab/numerical-integration-and-differentiation.html
https://ch.mathworks.com/help/matlab/numerical-integration-and-differentiation.html
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