
Numerical methods



Review: models

Classifications

• Mechanistic / Statistical

• Deterministic / Stochastic

• Analytical / Computational

Reasons for computer methods
(iterative calculations)

• Numerical integration

• Parameter estimation

• Data analysis

Reasons for modeling

• Prediction / Forecasting

• Understanding

Simulation → generate data

Data analysis → reduce amount of 
data



Some common problems that require 
numerical solutions (not exclusive list)

• Constraint satisfaction (solving system of equations)

• Parameter estimation (“best fit” to data)

• Numerical integration (prediction / forecasting)



Constraint satisfaction



Constraint satisfaction

• Find set of values that satisfies a system of linear or nonlinear equations 
(i.e., “solve” the system of equations) 

• Also falls under the umbrella of AI, operations research

• The system of equations can also be a set of logical statements (“logic 
programming”) but this is a separate domain

• Example: phase equilibria problem



Constraint satisfaction 
example





Simple solution methods

Bisection method Newton-Raphson method

https://en.wikipedia.org/wiki/Bisection_method 

https://www.geeksforgeeks.org/program-for-newton-raphson-method/ 

https://en.wikipedia.org/wiki/Bisection_method
https://www.geeksforgeeks.org/program-for-newton-raphson-method/


Parameter estimation



Parameter estimation

• Also falls under the umbrella of optimization, operations research, data 
fitting, inverse modeling, etc.

• Purposes
• model understanding (extract physical meaning from parameter values)

• prediction / forecasting

• Estimate parameters for empirical, semi-empirical, and mechanistic 
models

• Example: chemical kinetic modeling [mechanistic, nonlinear], epidemiology 
[semi-empirical, linear], weather prediction [empirical, nonlinear]



Example – reaction rate constants

Perrin, J. Chem. Ed., 2017

First order reaction

Solution to diff. eq. (estimate k to data)

Objective / cost / loss function



Some solution methods

https://www.cs.cornell.edu/courses/cs4780/2018fa/lectures/lecturenote07.html 

https://www.cs.cornell.edu/courses/cs4780/2018fa/lectures/lecturenote07.html


Example of measurements 

used for deriving rate 

coefficients:

OH + NO2 to products

k = k(P,T)

Dransfield et al., J. Geophys. Res.-Atmos., 1999



http://jpldataeval.jpl.nasa.gov/ 

Formerly known as:

Chemical Kinetics and 

Photochemical Data for 

Use in Stratospheric 

Modeling

Parameters from 

various reactions are 

tabulated in a 

comprehensive 

database



Chemical kinetic models are then integrated into chemical transport models which combine them with 

emissions, meteorology, and transport



Example: parameter estimation for epidemiology



Example: empirical models

Zhong et al., ES&T, 2021

https://www.ibm.com/cloud/learn/neural-networks

Data preparation:

• cleaning

• curation

• permutation

• aggregation



https://cloud.google.com/blog/topics/sustainability/weather-prediction-with-ai 

https://www.wired.com/story/google-deepmind-ai-weather-forecast/ 

https://cloud.google.com/blog/topics/sustainability/weather-prediction-with-ai
https://www.wired.com/story/google-deepmind-ai-weather-forecast/


“Gotchas”

• Your estimated parameters may not be meaningful if your model 
(relationship among variables) is misspecified.

• Even if your model is “correct”, you may find solutions that represent local 
minima.

• Your predictions may not be meaningful if you are extrapolating outside of 
the domain of fitted data with an empirical function.



Numerical integration



Numerical integration

• Differential equation(s)
• ODE: ordinary differential equation

• PDE: partial differential equation

• Single, coupled, uncoupled

• Provide initial values / boundary values

• Examples: simulation of CFC-12 [single ODE], VOC-NOx-O3 system 
(urban smog) [coupled ODEs], 3D advection equation [PDE decoupled to 
independent ODEs]



Scenario 1: base case (no change)

Scenario 2: 50% reduction in emissions

Scenario 3: 50% reduction in emissions before 1996

                   100% reductions afterward

1989,

Example (ODE): 
simulation of 
dichlorofluoromethane

CFC-12

Jacob, Introduction to Atmospheric Chemistry, 1999



Numerical integration

https://en.wikipedia.org/wiki/Euler_method

analytical solution

numerical approximation

https://tutorial.math.lamar.edu/classes/de/eulersmethod.aspx 

derivative

step size

Euler’s method

https://tutorial.math.lamar.edu/classes/de/eulersmethod.aspx


Example (coupled ODEs): VOC-NOx-O3 system



Numerical integration of PDEs

• Representation by operator splitting (requires small time steps)

• Discretization

• Finite difference

• Integration



Example: integrated modeling of 

multiple processes









“Gotchas”

• Your numerical approximation may not be meaningful if you pick the wrong 
(i.e., too large) step size (see stiff equations)

• Step size should be smaller than the timescale / spatial scale of 
phenomena your model describes

analytical solution

numerical approximation

https://ch.mathworks.com/company/newsletters/articles/stiff-differential-equations.html


For your project

• Many of these solvers, optimization algorithms, and numerical integration 
schemes are available in libraries.

• If other computational aspects of your project is high, then you can use 
these libraries.

• If other computation aspects of your project is low, then you can implement 
(i.e., code) your own version of these algorithms.



Resources for further reading

• Chapra, Steven C. and Canale, Raymond P. Numerical Methods for Engineers, 
8th ed. McGrall-Hill Education, 2021.

• Beer, Kenneth J. Numerical Methods for Chemical Engineering: Applications in 
MATLAB, Cambridge University Press, 2007.

• Ramaswami, Anu, Milford, Jana B., Small, Mitchell J. Integrated Environmental 
Modeling: Pollutant Transport, Fate, and Risk in the Environment. John Wiley & 
Sons, 2005.

• Jacob, Daniel. Introduction to Atmospheric Chemistry. Princeton University Press, 
1999. Available online: http://acmg.seas.harvard.edu/people/faculty/djj/book/.



Practical references for implementation

• https://ch.mathworks.com/help/symbolic/solve-equations-numerically.html

• https://ch.mathworks.com/discovery/data-fitting.html

• https://ch.mathworks.com/help/matlab/numerical-integration-and-
differentiation.html

https://ch.mathworks.com/help/symbolic/solve-equations-numerically.html
https://ch.mathworks.com/discovery/data-fitting.html
https://ch.mathworks.com/help/matlab/numerical-integration-and-differentiation.html
https://ch.mathworks.com/help/matlab/numerical-integration-and-differentiation.html
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